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ABSTRACT 





Let a peel = 1} be a sequence of i.i.d. positive asymmetric stable random variables with a common distribution function F with index O 0 <a<l. 


The present work intends to obtain almost sure limit points for a sequence of properly normalized delayed random sums. 
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1. INTRODUCTION 
Let {X,, ne 1} be a sequence of independent and identically distributed (i.i.d.) 


positive asymmetric stable random variables (r.v.s) with a common distribution 


function (d.f.) F with index @,O0<a<1 Set S = +x , N>1 and 
n 
k=l 


n+ay 


= i _ ing s 
a DX; Sis -S,’ where {a, na 1} is a non-decreasing sequence 


i=n+l 


a 
of the positive integers of n such that, O<a i; <n, for all n and — ~ b 
n 


n°’ 


where b is non-increasing. The sequence ir, ne if is called a (forward) 
n 


n 


delayed sum sequence [See Lai(1973)]. 


Let {N, n> 1} be a sequence of positive r.v.s. independent of 


N, 


{x ~0 z= 1} such that en -11>50 almost surely as N —> ©O , where 





0<6 <1. Now parallel to the delayed sums T, , we introduce delayed 
n 





random sums as, My. = xy X, Seed S° 
When XxX, "S are iid. symmetric stable r.v.s, with index QO, O0<a<2 
Chover (1966) studied the law of iterated logarithm (LIL) for (S,,) , by 


normalizing in the power. For further developments in Chover’s form of LIL see 
GootyDivanji (2004). 


When variance is finite, Lai (1973) had studied the behavior of classical LIL for 
properly normalized sums (r, ) , at different values of a, "S$. For 
n 


independent, but not identically distributed strictly positive stable r.v.sVasudeva 
and Divanji (1993) studied the non-trivial limit behavior of delayed sums (r ) 


In this In this work, we intend to obtain almost sure limit points for (M Fe ) ‘ 
n 


Throughout this Paper, C, € (small), k(integer), with or without a suffix or 
super suffix stand for positive constants., whereas a.s. and i.o. mean almost sure 
and infinitely often respectively. For any sequence (y,) of r.v.s 


limsup(inf JY, =a(B) is to be read as 
liminfY, =. 


limsupY, =a and 


We will frequently use the the following well known results. 


2. SOME KNOWN RESULTS 
Lemma 1 (Extended Borel-Cantelli Lemma) 


Let (E, be a sequence of events in a common probability space. 


If @ y P(E, ) = 00 and 
n=l 





> >» PU. NE.) 
i) Jiminf <="! eC: 
>» Px) 
k=l 


: -l 
then P(E, i.o.)>C1. 
Where C is some positive constant. 
For proof, see Spitzer (1964, Lemma p3,p.317) 


Lemma 2 


Let (A, ) be a sequence of events in a common probability space. If 


n+l 


P(A, )>0 as N—+© and y P(A, NAS )<oo : Then 
n=l 
P(A, i.o.)=0. 


For proof, see Nielsen (1961, Lemma 1*,p.385). 


Lemma 3 


Let {X,, ne I}be a sequence of 1.i.d. positive asymmetric stable r.v.s with 


common d.f. F with index Q , O<a<l.tet {N, ne I}be a sequence 
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N, Nn 
of positive r.v.s independent of {X, n2 1} such that Jen’ _]]_5 (as. as From the condition|e “° — J] —> (jas. as 11 — © implies that there exists 
n — ©, where 0 < O< 1 -Let Y= flog.” +togtogn . Then some & > 0 and re} € (0,1) such that, 
N, N, 
e” —ll<g implies U, < N, < VV, as.,(3) 
2 Yn 1 
liminf (sup)} —=+| =Il(e7)as. ‘ r 
Mee Ne where U, =C,n rae or =C,n ‘ Cc. = log(1—8) and 

C, =log(1+ 8). 
For proof, see Gooty Divanji and K .N. Ravi Prakash (2016 Theorem | and 
Theorem 2). ntN, 
In the next section, the almost sure limit points for delayed random sums are ies Haw iat My = DX; 7 Sian, —S, = Sw, ie eine 
obtained. jentl 

{N,, ne 1} be a sequence of positive valued r.v.s. independent of 
3. ALMOST SURE LIMIT POINTS FOR DELAYED RANDOM SUMS 1X, ne 1} , by (3) we have 
Theorem 1 
Let { no = L bbe a sequence of i.i.d. positive asymmetric stable r.v.s, with Su < Sy < Sy a.s. which implies 

n n n 


common d.f. F with index &,0<a<1.Let {N,, ne I} be a sequence 


N Mu, < My. < My a.s. (4) 


6 
of positive r.v.s, independent of {X,, 7 = 1} such that |e” —1}>0 
Hence (1) and (2) hold whenever, 








as. as n—-o . where 0<d<1l Let ; pte 
pes n Qa 
n 1 : = 
Y= log FB lees . Then all the points in er | a.s. limit P My. 2 N¢ woe 1.0. |=0, (5) 
n n 
M t M S S 
points of the — sequence Nn HET , where, where Vio ntV, Mn and 
1 ae 
Ne ; Pre) 
ce nN a : 
P}My 2N%| —-logn i.0.;/=1, (6) 
My = Suan, ane a N, 
Proof 
1 P Where My = pals ere 


n 


Let an arbitrary point in 1 ,e% |bee®, O< p <1. Observe that for p=0 


and p=1, the results follow from Lemma 3. Hence, it is enough to show that for Meine: (9), One: can find Soule Constants 3 ( ) ane C, (> 0) euch 














pe (0,1 ) there exits sufficiently small €, > 0. ia 
pte, 1 pte; 
1 a are ae n 6 (1-8) (p+e, )+6 pte, 
. a 
P/M, 2=N?| —logn i.0.|=0 (1) N, | ——logn 2C,n " (log n) a 
n 
N, NG 
and 
and 
li p-& 
1 p-& = n a (1-8) (p—€, )+6 re 
et ee —logn >C,n y logn 
P)M, =N2}——logn| i.o./=1 (2) Ny N ee ©, (logn) « 
n N n 


which in turn (5) and (6) implies that, 


International Educational Scientific Research Journal [IESRJ] 








Research Paper 


(1-8) (pte, +5 


{M, 2 Cyn ” (log ne io =0 (7) 





and 


(1-8) (p-€)) +6 


{Mu >Cyn 





(log KE io] =1. (8) 





(1-8) (p+e,)+8 ee, 
Let A =4My >C,n *  (logn) a 


Seta ieee iret 


or 


AS = {My as C,(n + i er (log (n + i) } 


AS XxX, "S$ areiid. positive asymmetric stable r.v.s., we have, 
P(X >x,)- o(x"*). (9) 


In view of (9), we can observe that, condition (2) of Heyde (1967) is satisfied by 
(1-8) (p+e,)+5 








pte 
X, = C,n (log n) a . Following proof of Lemma C in 
M Vv 
Vasudeva and Divanji (1991), we can show that, - —»> 0 as 
xX n 
noo. 
1 
Xy a 
: n 
Also since 1 < limsup < (1 + é) , for some € > 0 , Hyede’s 
noo =X, 
Theorem (1967), we can find Cc. (> 0) such that, 
P(A, )<C; nP(X, es x,). (10) 


Using (9), there exits some constant C 6 (> C 5 ) such that, 





n 
P(A, )<C 
( =) 6 nh) (og n Pi 
os - 
n(logn)?™ 


and since P+ € >1, P(A, ) > Oas noo. 


1 


we have 


Tahe=)aarchalelar-lm axel 6ler-1a(e)at-] msve=al di i(om \=s12t-]ae1g ele] ear] miles) ,e) 
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(A, NAY | 


(1-8) (p+€, )+6 





My, >C,n * (log n)a 
My <C(n41) a (log(n+ i} 


Observe that, 


A, M Aa 


(1-6) (p+, )+6 pte, 


={M, =>Cyn *~ (logn)a , 


n 





(1-8) (pte, )+6 


My <C,(n+1)« 





(log(n+1)) « 


(1-8) (p+e,)+8 nae 


eyCan (logn) « <My 
aC, (n + re (log (n + if 
which yields, 


P(A, Ae) 


(1-6) (p+e, )+6 


<P} C,n a (logn 


pte, 


ya <My 


n 





SC, (n a Naor (log (n + i) | 


(1-8) (pte, )+6 pte, 


<p C,yn *  (logn) « z My 


1 
(v, Ja 
(1-6) (pte, )+6 pte, 
Z C,(n +1) a (log(n +1)) « 
= 1 
(v, Je 
My d 


1 =X, we have 


(v, Ja 














Using the fact that 
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P(A, na) 


(1-8) (p+e, )+6 











z Pte 
<P Cyn (logn) a <x, 
(v, Ja 
(1-8) (pt+e,)+6 pte, 
e C,(n +1) a (log (n +1)) a 
7. 1 
(v, )e 
Ynyl 
< Ply, <X,< Vaal) = [ f@odx, 
Yn 


(1-8) (p+e, )+5 











pte 
Where y,= Cn : (ogn) * and 
(v,, Je 
a Gc, (n + ja log (n oF Dye 
n+l] 1 2 


Since f is the density function of a non-negative stable r.v. Density of stable law 


C C 1 
is given by, f(x) = u + : +0 , where C, >Oana 
xite x 120 x 120 7 





C 8 > 0 are constants. Hence for x large, one can find C > 0 such that, 


few s¢[ = +} 


x 


Consequently for n large, 


pla, nas. )s cy (—e d =] dx 
Me 


n 





Cod 1 ly 1 1 








< = + ar . (12) 
a a a a 
a Vn Yat 2 Yn ntl 
We have 
yon = Cov, 
+1 1-8 3 
™ (n +1)?" og (n +1)" 
Similarly 
—a CVn 





y, =— ; 
> nf9e#08 (log nh 


for some Cs>0 and Cio>0. Hence 
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Ya at 
Vv | 
Lo ee (lesan ye 
C, 
(n +1)° °°? og (n +1)?" 


Vv 


n 


= a (1-8) (pte, )+8 (log ne C, 
C, n (1-8) (p+e, )+5 (log a 
(n op (Oia ica (log (n a 1 
C,,n° 
es * (1-8) (pte, 7 (log ay 
Ci 


n (1-8) (p+, ) (log nr" 














Similarly we get 


sare -y." o Ci 
+1 a 
= nn +8) (J 





2 > 
ogn) (p+é, ) 


for some C11>0 and Ci2>0. 


For n largesay N = N, from (12) we can find some constant Ce. (> C) 
such that, 


Pla, nas) 
re ony a GC: 
S A ni dere) (log n)P" 2 n 2(1-8) (p+e, ) (log 8 


C,, 


Sapte) p+e, 
n logn 











Since Pp + | > 1, we have 
P(A NA‘ ca © <0 
13 = 
2 ° ate oars ame (log n)r** 
It follows that y Pla al AS )< ioe) and hence 
n n+l 


n23 


PIA, NAS io }=0. 


Which implies the proof of (7) and (5) by Lemma 2 and consequently proof of (1) 
follows from (5). 


To prove (8), we need to prove that, for some d>0, 





Taht=daarchalelar-lm axel 6ler-1a(e)at-] msve=aldii(om \=s12t-]ae1a mele] ear) Mm ilas),e) 
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(1-6) (p—e, )+6 p-<, 
(logn) « io.J}>d>0. (13) 


P)PMy 2C,n % 


Using Lemma 1 (Extended Borel-Cantelli Lemma) and the Hewitt-Savage zero- 
one law, (2) will be proved. 


Define N, =[k°],0< 0 <1 andlet 
D, = 


nk 


(logn,) } 


(1-8) (p—€, +5 Pre 
C,n, a logn, ) a <My 


(1-8) (p—e, )+6 
< 2C,n, a 





(1-8) (pe, )+8 


(My >2C,n,« 
Mk 





(logn,) « ) (14) 


(1-8) (p—e, +5 pre, 
2C,n, +s (logn, ) e 


(Mu 


k 


Consider, 


(1-8) (p—e, )+6 
= 2C,n, a 





(logn,) « 


(1-8) (p—e, )+8 
Where =2C,n a. 
Yn, 40, 


P-& 


(logn, ) et 





In view of (9), we can observe that, condition (2) of Heyde (1967) is satisfied by 
Yn, . Again following proof of Lemma C in Vasudeva and Divanji (1991), we 


Mu 
can show that, "k —P_»(as k>5 oo. 





1 
Yu = 
Also since ] < limsup "k < (1 + ey , by Theorem in Hyede(1967), 


noo Yn, 





we can find some constants Cia (> 0) and k,such that, for all k = k, i 


P[ My, Es Yn, ) & CPX, = Yn, ) 


Again using (9), we can find some constant C 15 (> 0) such that 
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p-€) 

1-8) (p- ry — 

Dani )(p-€, )+ (logn, ) Fi 
Cis 


~ ~"(1-8) (+6) -p) 
ny ( 





logn, )P" 
Therefore 


(1-6) (1+e; -p) 


P/M, =y Jze —* (15) 
[ yk * (logn, PP" 


where C 16 iS Some positive constant. 


Similarly following above process, we can find some constant Cy (> QO) such 


that 


Yn n (1-8) (1+, -p) 
P/My 2=— |2C,,-+———_— (16) 
re (logn, )P" 


Substituting (15) and (16) in (14), we can find some constant Cg (> 0) and 


k,(0) such that, for all k = k, ‘ 
(1-8) (+e) -p) 
n 

k 
P(D,. )2 Cis 


(logn, 


0 
where N, = [k 1 0 <0 <1. this implies that, 


(1-8) (+8) -p) CEP) 


DPD )2C DG pe?’ y+ , (17) 


k2ky k>k, (log Nn, 1? ick (log 9 


For some constant Ci (> Cis ) and hence, >y PD, ) =o. 


k>k, 
Let S> (logk)", > 1, we have 
P(D, ND,) 


mk 


(1-8) (p—e, )+6 Prey 
=P/C,n, a (logn,)« <My 








(1-8) (p—€) +8 Prey 
<2C,n, a (logn, ) a, 
(1-6) (p—e; +8 Pre, 
Cyn, 7 (logn, ) 7 <Muy 
n 
Ss 
(1-8) (=6))+8 Pe 
<2C,n, 4 (logn, ) a 
<P(D,) 
(1-8) (p=e1 )+8 P= 
P/My -My =C,n, «  (logn,) « 
Ms ak 
(1-8) (p—e, )+6 





—2C,n, a 


(logn,)= | 
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Again following similar lines of (10) and Heyde’sTheorem , we have for P (D ‘a D ) 
k s 


s>(logk)",n>1, 


(1-8) (p—€,)+8 


< P(D,)P(My SCn a log.) = } 





n 
Ss 


(D, MD,) 
Ss 
<p (D )fu -u . Following similar lines of (10), we can find some constants Cy, (> 0) and 
= k n n 
s k 
k4(>0) such that, for all k>k 4? 
(1-8) (p—e, )+6 


p-£) 
P(x,2C.n, (logn,) « 





(1-8) (pe, )+6 


poe 
P(Mu 2C,n, a (logn, ) a 


Ss 





Applying the arguments used to get the upper bound of P(A, ). we can find 














(1-8) (p—€; + pre 
some constants C5 (> 0) and k3(>0) whereby, for all k> Key and io Cyn, P(x, 2 C,n, : (logn, ) a } 
s > (logk)",n>1, 

Using (9), we get some constants Cy (> Ci) and ks(>k,) such that, for all 
P(D, NPJacs P(D, )P(D,) (18) k2k,, 
(1-6) (p-e, +8 P-£) 
Now for (k+1)<s < (logk)", 1 > 1, we can note that, P My 2C,n, a (logn, ) ae 
s 
D, MD. 
{ k 3 " 4 " Ce 
(1-8) (p81) + pre ~(1-8)e p-e 

{cay «  (logn,) « SoM, a; Moga) 

2 (1-8) (pe) + PE Using the fact that s > k+1, one can find some constants Cs. (> 0) and k,(>0) 

oa 2C,n k (log ny ) o> such that, for all 

(1-8) (p—€, )+6 pre, 
Cn, «  (logn,)« <My k>k,. 
Ss 
(1-6) (pe) )+6 pre) 
(1-8) (pe, )+8 pre oe 
<2C,n, a (logn, ) a P(Mu, =C,n, a (logn, ) a 
Oe, 1-36 
(1-8) (p=e))+8 me elm, 
c4C yn, a (logn, ) a <My <'Cy aE 
my (log k) 


(1-6) (p—€, )+6 p-€ 
< 2C,n, bi (logn, ) Oe Hence for all k ake. 
(1-6) (p—€, )+5 


p-& 
My 2C,n, a (logn, ) a 











: pots 
s P(D, ND,)<C,, ———— P (D, ). (19) 
ete (log k) ; 
Which implies 
Pp (D, qn D. ) < Note that, 
(1-8) (p-21)43 p-e P(D,) 
Cam a (logn, ) aS My : (1-8) (pe, )+3 p-e 
; <P(My 22C nN, <2 (logn, ) a 
(1-8) (p—e; +8 P-€ Mk 





<2C,n, 4 (logn, ) a 
(1-8) (p—e, )+5 Again following steps similar to the above process of (19), we can find some 


et Baek ofa o 
My 2 C,n x a (log n, ) eo constants 
‘ ‘ C,, (> 0) andk;(>0) such that, for all k > k,, we have 


Observe that M u and My. are independent, we get, 


Nk Ss 


k Oe, (1-8) 


P(D,)<C,, (oak 





fors > k+1. (20) 


Tahe=laarchalelar-lm axel 6ler-1a(e)at-] msve=aldii(om \=s1-t-]ae1g ele] ear) Milas) ,e) 
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From (19) and (20) there exists some constants Ce. (> 0) and ks(>0) such 


that, for all k > ke 5 
20e, (1-8) 


k 


PND SCs iy 


Now 


n-I (logk)" aA f 
(logk)"k 

P(D, ND, )<C 
2 2 ( 3 i ) oe kel (logk)?*? 
n-l k 
<C>. = 
>2 ‘(logk ye?" 


200, (1-8) 





200, (1-8) 


This implies that for n > Nj, we have 


n-1 (logk)" 
>.> PiDe ND) =, Cogn (21) 
k=l s=k+l 
From (17) we have for n > No, 

© ate : 
fan. na \PSee. 2 C5 (log n) (22) 
logk)* 


for some C26>0. Note that, 
n oon n-l on 


[srw | [Sw | 


P(D,) 
2d E (23) 





By (22), the second term of the right side, tends to zero as k — ©. Hence 
consider, 


Dy yP(D, ND.) 


k=1 s=k+1 


> PWD) 
k=1 








n-1 (logk)’” 
Pi (D, ND, ) ) YP D, MD, ) 
_ k=l s=k+l k=l s=(ogk)"+1 (24) 
SPD.) > PD, )) 
k=l 


By (21) and (22), we have, 





lim k=l s=k+1 ; = 0 : (25) 
> P(D,) 
k=l 


And by (18) and (22), we get that, 
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2s) yP(D, ND, ) 


k=1 s=(log k)” +1 








lim inf ; S2C 55.5 0: (26) 
> PO,) 
k=1 
Using (25) and (26) in (23) we have, 
liminf 52, >0 
DPD) 
k=1 


In view of (17) and (26), appealing to Lemma 1| (Extended Borel-Cantelli Lemma) 
and Hewit-Savege zero-one law, we get P(D,i.o.)=1. Hence the proof of the 
Theorem is completed. 
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